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Summary. It is now broadly accepted that failure in a granular material is dominated by 
buckling failure of strong force chains oriented in the direction of the major principal stress. 
In this paper, Delaunay triangulation is used to explore the role of the interparticle friction 
coefficient (μ) in stabilising these strong force chains. An isotropic numerical sample was 
created in 3D which contains 20,164 polydisperse spherical particles inside a periodic cell. μ 
was changed to 0.0, 0.1, 0.25, 0.5, 0.75 or 1.0 to create six samples, each of which was 
sheared triaxially until critical state was attained. The contact network was obtained at the 
end of each simulation by joining the centroids of the contacting particles. The Voro++ 
software library was used to compute two types of periodic Voronoi tessellation of the 
particle centroids: the conventional unweighted tessellation and the radical tessellation which 
is weighted by particle diameter. These were converted to their Delaunay duals to facilitate 
direct comparison with the associated contact networks. The numbers of edges (i.e., contacts) 
that are in the contact networks decrease consistently as μ is increased towards 1. This 
contrasts with the numbers of edges, faces or tetrahedra in the Delaunay triangulations, all of 
which increase with increasing μ up to μ = 0.25 and become approximately constant 
thereafter. Two quantities were defined: the percentage of faces in the triangulation 
comprising three contacts (Pfc) and the percentage of tetrahedra comprising six contacts (Ptc). 
Pfc shows a linearly-decreasing trend with increasing angle of shearing resistance and both 
Pfc and Ptc decrease continuously as μ is increased. This indicates that triangular motifs 
become less widespread as friction increases and that the weak supporting network which is 
present at low μ values is effectively absent at high μ.     
Kevin J. Hanley, Xin Huang and Catherine O’Sullivan 
 2
1 INTRODUCTION 
The stress distribution within any granular material subjected to load is highly 
heterogeneous. Strong force chains, consisting of contacting particles aligned with the major 
principal stress orientation, form upon loading to transmit the majority of the load and carry 
the deviatoric stress during shear deformation. These strong force chains are supported by a 
weak orthogonal contact network. The formation of strong force chains has been observed 
experimentally using image analysis [1], tomography [2] and photoelasticity [3]. The 
development of strong force chains supported by a weak orthogonal network has often been 
observed in discrete element method (DEM) simulations, e.g., [4-6]. Over the last 15 years, it 
has become increasingly widely accepted that the dominant failure mechanism in a granular 
material is buckling failure of the strong force chains. Evidence supporting this hypothesis has 
been provided by a range of complementary investigation tools such as DEM simulation [7], 
photoelasticity experiments [8] and analytical modelling [9-11]. 
A parametric study was conducted recently [12] in which three-dimensional numerical 
samples were sheared triaxially to a critical state using different values of the interparticle 
friction coefficient (μ). This was an extension of previous DEM studies on the same subject 
[13,14]. It was found that the stability of the strong force chains increases with increasing μ 
while the supporting weak contact network has greatest importance for stabilising the strong 
force chains at low values of μ [12]. In this paper, the same data set is analysed using 
Delaunay triangulation of the particle centroids. The principal aim of this short study is to 
investigate whether triangular motifs become less common and linear structures more so as μ 
is increased: [15] found this to be the case for two-dimensional packings of disks but this 
finding has not been observed in 3D, to the best of the authors’ knowledge. 
 
2 DEM SIMULATIONS 
A 3D numerical sample was created by randomly placing 20,164 polydisperse spherical 
particles within a periodic cell. These boundary conditions were chosen to avoid 
inhomogeneities at the periphery of the sample [16]. The periodic cell was initially cubical, 
consisting of three pairs of mutually-orthogonal periodic boundaries. The particle size 
distribution of the numerical sample, shown in Figure 1, is representative of Toyoura sand 
with a ratio of maximum to minimum particle diameters of around 3.6. A simplified Hertz-
Mindlin contact model was used. The particle shear modulus and Poisson’s ratio were set at 
29 GPa and 0.12, respectively, to match experimentally-measured properties of quartz [17]. 
The particle density was set at 2650 kg/m3: a realistic value for a quartz sand. Gravity was 
inactive throughout the simulations. A stable isotropic assembly was created at a confining 
pressure of 100 kPa by moving opposing pairs of periodic boundaries closer together using a 
stress-control algorithm. The interparticle friction coefficient was 0.0 at this stage. Following 
isotropic compression, the interparticle friction coefficient was changed to 0.0, 0.1, 0.25, 0.5, 
0.75 or 1.0. Each of these six samples was subjected to drained triaxial shearing to an axial 
strain of around 54%. This strain level was sufficient to reach the critical state in all 
simulations. All of these simulations were run using a version of the open-source LAMMPS 
code [18] which has been modified by the authors to include a stress-control algorithm for 
periodically-bounded samples and contact models which have been revised substantially to 
correspond to those in [19,20]. 
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Figure 1: Particle size distribution of the numerical simple compared with a digitised size distribution of a real 
Toyoura sand measured by sieve analysis [21] 
 
3 DATA ANALYSIS 
The six samples were compared only at the end of the triaxial simulations, at around 54% 
axial strain, once critical state had been attained. Critical state is characterised by the 
continued deformation of a sample under shear without a change in either volume or stress 
state. The contact networks were easily obtained by joining the centroids of the contacting 
particles. Each interparticle contact corresponds to an edge in the contact network. In 
addition, Voronoi tessellations were computed based on the particle centroids. Voro++ [22] 
was chosen for this analysis as it is capable of doing periodic tessellations with non-cubical 
cells. In these simulations, the samples are almost cubical at the end of isotropic compression 
but become highly non-cubical during shearing. Two types of periodic Voronoi tessellation 
were computed: the conventional unweighted tessellation which does not take particle 
diameter into account and the radical (or Laguerre) tessellation which is weighted by particle 
diameter. These were converted to their Delaunay duals using MATLAB [23]. This 
conversion facilitated a direct comparison between the edges of the Delaunay tessellations 
and the edges of the associated contact networks. 
 
4 RESULTS AND DISCUSSION 
Figures showing the macro-scale response of five of the six samples (excluding the 
frictionless simulation) are provided in [12]. Table 1 summarises the key macro-scale results 
at the critical state of each simulation. In Table 1, ߮௖௩ᇱ  is the angle of shearing resistance and e 
is the void ratio, defined according to the soil mechanics convention as the volume of voids 
divided by the volume of solids. q = ߪଵᇱ − ߪଷᇱ is the deviatoric stress and p' = ఙభᇲାଶఙయᇲଷ  is the 
mean effective stress where ߪଵᇱ , ߪଶᇱ  and ߪଷᇱ  represent the major, intermediate and minor 
principal effective stresses, respectively. ߪଶᇱ = ߪଷᇱ for these axisymmetric triaxial simulations. 
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Table 1: Macro-scale data at the end of the six simulations after the attainment of critical state 
µ q (kPa) p' (kPa) ߮௖௩ᇱ  (°) e 
0.0 23.951 107.99 4.98 0.5344 
0.1 61.885 120.63 13.54 0.5909 
0.25 87.794 129.27 18.17 0.6317 
0.5 99.514 133.18 19.97 0.6504 
0.75 90.418 130.14 20.19 0.6527 
1.0 100.49 133.50 20.98 0.6542 
 
The number of particles is constant throughout these simulations; therefore, the 
coordination number is directly proportional to the number of edges in a contact network. 
Figure 2 shows that the number of edges (or equivalently the coordination number) decreases 
with increasing μ from around 57,000 at μ = 0.0 to 32,000 when μ = 1.0. The opposite trend is 
observed in the void ratio which increases with increasing μ as shown on the secondary 
vertical axis on Figure 2. As μ decreases, particles are packed together more closely and so a 
corresponding increase in the number of contacts is unsurprising. 
 
 
Figure 2: The variations in the number of contacts and the void ratio at the critical state with the interparticle 
friction coefficient 
Although the number of contacts decreases with increasing μ, Figure 3 shows the opposite 
trend for the number of edges in the Delaunay triangulations which increases with μ up to μ = 
0.25 and remains approximately constant thereafter. This is the case for both the conventional, 
unweighted tessellation based solely on the particle centroids and for the radical tessellation 
which is weighted by particle diameter. 
The numbers of faces or tetrahedra in the Delaunay triangulations also increase with 
increasing μ up to μ = 0.25 as shown in Figures 4 and 5. Further increases in μ beyond 0.25 do 
not affect the numbers of faces or tetrahedra in the triangulations. This is perhaps expected 
from Figure 3 as each face comprises three edges and each tetrahedron comprises six edges. 
The existence of a threshold beyond which the system shows little sensitivity to μ is reported 
by [12] who found that the critical-state loci were almost identical for μ = 0.5, 0.75 and 1.0. 
However, [12] observed substantial differences between μ = 0.25 and μ = 0.5, exemplified by 
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the differences in void ratio in Table 1. Based on Figures 3-5, it seems that triangulations of 
the particle centroids ‘saturate’ at lower values of μ than conventional macro-scale measures 
such as q, p' or e. 
 
 
Figure 3: The number of edges in the Delaunay triangulations against the interparticle friction coefficient at the 
critical state 
 
Figure 4: The number of faces in the Delaunay triangulations against the interparticle friction coefficient at the 
critical state 
Two distinct sets of edges connecting particle centroids are available for each simulation: 
one set of interparticle contacts and one set of Delaunay triangulation edges. These may be 
compared as some edges are common to, or absent from, both sets, while some edges appear 
only in the Delaunay set. Every single interparticle contact is present among the associated 
Delaunay triangulation edges; hence the interparticle contacts may be regarded as a subset of 
the Delaunay triangulation edges. By comparing Figures 2 and 3, it is apparent that there are 
between 2.4 and 4.6 times more edges in any Delaunay triangulation than there are in the 
corresponding contact network. Figure 6 shows the percentage of triangulation edges which 
are contacts for each simulation. These results are very similar for both types of Voronoi 
tessellation. As the number of contacts decreases with increasing μ and the number of 
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Delaunay edges increases with increasing μ, Figure 6 exhibits a sharp decrease as μ increases. 
 
 
Figure 5: The number of tetrahedra in the Delaunay triangulations against the interparticle friction coefficient at 
the critical state 
 
Figure 6: The percentage of Delaunay triangulation edges which are interparticle contacts for each simulation 
against the interparticle friction coefficient  
Two quantities were defined: the percentage of faces in the triangulation comprising three 
interparticle contacts (Pfc) and the percentage of tetrahedra comprising six contacts (Ptc). Pfc 
and Ptc are respectively plotted against the interparticle friction coefficient on Figures 7 and 8. 
Both Pfc and Ptc decrease monotonically as μ is increased. These two figures support the 
hypothesis of Smart and Ottino [15] that triangular motifs become less widespread as friction 
increases. Furthermore, these figures also provide additional evidence for the observation that 
a weak supporting network develops during shearing only at low μ values [12]: the support 
provided to a strong force chain by weak contacts necessarily creates many triangular 
arrangements of particles which are far less prevalent at high μ than at low μ values. 
Many DEM simulations have shown that there is a non-linear relationship between the 
angle of shearing resistance, ߮௖௩ᇱ , and the interparticle friction coefficient, μ, or equivalently 
the interparticle friction angle, ߮௣ᇱ = arctanߤ  [7,12-14]. The reason for this non-linear 
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relationship remains the subject of some debate and is often poorly captured by analytical 
models [24-26]. One explanation is the interplay between rolling and sliding at the particle 
contacts [12]; this is not captured correctly by existing analytical models which neglect the 
effect of buckling. Prior research has shown that the critical buckling load has a non-linear 
relationship with μ and there exists a threshold value of μ beyond which the critical buckling 
load becomes invariant, as is the case for ߮௖௩ᇱ  [12]. 
 
 
Figure 7: The percentage of Delaunay triangulation faces which are composed of three interparticle contacts 
against the interparticle friction coefficient at the critical state 
 
Figure 8: The percentage of Delaunay triangulation tetrahedra which are composed of six interparticle contacts 
against the interparticle friction coefficient at the critical state 
Figure 9 shows that increasing μ reduces Pfc (Figure 7) but increases ߮௖௩ᇱ . The regressions 
on Figure 9 show that the relationship between Pfc and ߮௖௩ᇱ  is almost linear. Interestingly, the 
shear resistance increases when the proportion of triangular structures is reduced. This is 
somewhat counter-intuitive: triangular structures tend to be more robust and tolerant to 
variations in the loading direction than columnar structures which are strong only when 
subjected to an axial load. It seems that the effect of μ on strength is much more significant 
than the proportion of triangular structures; having a relatively large proportion of triangular 
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structures at low μ does not noticeably affect ߮௖௩ᇱ . Another way of looking at these results is 
that the contribution to strength due to interparticle friction is dominant compared with the 
contribution to strength due to micro-scale particle geometry. 
 
 
Figure 9: The percentage of Delaunay triangulation faces which are composed of three interparticle contacts 
against the angle of shearing resistance (°)  
 
5 CONCLUSIONS 
Six polydisperse numerical samples with differing interparticle friction coefficients were 
sheared triaxially to critical state. Contact networks were obtained and periodic Delaunay 
tessellations were computed at the end of each simulation using the particle centroids. The 
numbers of edges that are in the contact networks decrease consistently as μ is increased. This 
contrasts with the numbers of edges, faces or tetrahedra in the Delaunay triangulations, all of 
which increase with increasing μ up to μ = 0.25 and become approximately constant 
thereafter. The existence of a threshold beyond which the system shows little sensitivity to μ 
is also reported by [12]. Two quantities were defined, both of which decrease monotonically 
as μ is increased: the percentage of faces in the triangulation comprising three contacts (Pfc) 
and the percentage of tetrahedra comprising six contacts (Ptc). These results provide additional 
evidence for the observations that triangular motifs become less widespread as friction 
increases [15] and that a mechanically-stable, weak supporting network has greatest 
importance for stabilising the strong force chains at low values of μ [12]. Pfc shows a linearly-
decreasing trend with increasing angle of shearing resistance, i.e., the shear resistance 
increases when the proportion of triangular structures is reduced. This implies that the effect 
of having a relatively large proportion of triangular structures at low μ is insignificant 
compared to the effect of μ on the rolling/sliding behaviour [12]. 
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